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The Pauli exclusion principle requires the spectrum of the occupation numbers of the one-electron
reduced density matrix (1-RDM) to be bounded by one and zero. However, for a 1-RDM from a
wave function there exist additional conditions on the spectrum of occupation numbers known as
pure N-representability conditions or generalized Pauli conditions. For atoms and molecules we
measure through a Euclidean-distance metric the proximity of the 1-RDM spectrum to the facets of
the convex set (polytope) generated by the generalized Pauli conditions. For the ground state of any
spin symmetry, as long as time-reversal symmetry is considered in the definition of the polytope, we
find that the 1-RDM’s spectrum is pinned to the boundary of the polytope. In contrast, for excited
states we find that the 1-RDM spectrum is not pinned. Proximity of the 1-RDM to the boundary
of the polytope provides a measurement and classification of electron correlation and entanglement
within the quantum system. For comparison, this distance to the boundary of the generalized Pauli
conditions is also compared to the distance to the polytope of the traditional Pauli conditions, and
the distance to the nearest 1-RDM spectrum from a Slater determinant. We explain the difference
in pinning in the ground- and excited-state 1-RDMs through a connection to the N-representability
conditions of the two-electron reduced density matrix.
I. INTRODUCTION
The Pauli exclusion principle states that two identical
fermions cannot occupy the same quantum state [1]. Pos-
tulated by Pauli in 1925 to explain atomic transitions [2],
this principle plays a key role in predicting electronic con-
figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1
0 ≤ λi ≤ 1. (1)
Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a general N -fermion
quantum state is expressible by an N -fermion ensemble
density matrix
ND(1, 2, .., N ; 1¯, 2¯, .., N¯) =
∑
i
wiΨi(1, 2, .., N)Ψ
∗
i (1¯, 2¯, .., N¯)
(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)
1D(1; 1¯) =
∫
ND(1, 2, .., N ; 1¯, 2, .., N)d2d3..dN. (3)
Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
∗ damazz@uchicago.edu
constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].
While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix
ND(1, 2, .., N ; 1¯, 2¯, .., N¯) = Ψ(1, 2, .., N)Ψ∗(1¯, 2¯, .., N¯)
(4)
where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1¯, 2¯, .., N¯). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given
2by
λ1 + λ6 = λ2 + λ5 = λ3 + λ4 = 1 (5)
λ5 + λ6 − λ4 ≥ 0. (6)
Until recently, a systematic enumeration of generalized
Pauli constraints has been elusive. Based on work in
quantum marginal theory, Klyachko was able to list the
necessary and sufficient constraints for N fermions in r
orbitals [9, 12]. These constraints are expressible in the
form of linear inequalities in the occupation numbers {λi}
κ0 + κ1λ1 + · · ·+ κrλr ≥ 0, (7)
which can be visualized as a convex polytope in Rr [13].
The polytope for N = 3 and r = 6, whose boundary
is defined by the Borland-Dennis inequalities in Eqs. (5)
and (6), is shown in Fig. 1.
In this paper we study the generalized Pauli conditions
for ground and excited states of three- and four-electron
atoms and molecules including Li, LiH, BH, and BeH2
as well as H3 and H4. Both H3 and H4 are studied at
both equilibrium and non-equilibrium geometries. Pre-
vious work has explored these conditions for the ground
states of a quantum harmonic oscillator in a harmonic
potential [10] and the lithium isoelectronic sequence [11].
While previous work examined the residual of the gener-
alized Pauli conditions to measure saturation of the in-
equalities [10, 11], we measure the distance of the 1-RDM
from the boundary of the set of pure N -representable
1-RDMs through a Euclidean metric [14]. Specifically,
we compute the minimum Euclidean distance between
the natural occupation numbers of the 1-RDM to the
boundary of the polytope generated by the generalized
Pauli conditions. The distance of the 1-RDM spectrum
to the nearest facet of the polytope provides a measure-
ment and classification of electron correlation and en-
tanglement. For comparison we also compute the min-
imum Euclidean distance to the boundary of ensemble
N -representable 1-RDMs and the minimum Euclidean
distance to the nearest non-interacting 1-RDM, that is
a 1-RDM corresponding to a Slater determinant. The
computations of both the 1-RDMs and the Euclidean dis-
tances are performed in the computer algebra program
Maple [15] with arbitrary-precision floating-point arith-
metic. The 1-RDMs are computed from full configuration
interaction (FCI) calculations; in several cases for com-
parison, the 1-RDMs are also computed from variational
2-RDM computations [16–31] with approximate ensem-
ble N -representability conditions on the 2-RDM [32–36].
For three-electron atoms and molecules we find that
the 1-RDM of the ground-state wave function is always
pinned to the boundary of the pure N -representable set
of 1-RDMs. Importantly, this pinning of the 1-RDM
to the boundary of its pure N -representable set occurs
even for strongly correlated three-electron molecules like
equilateral H3. This constitutes the first numerical evi-
dence of pinning in a strongly correlated molecule. For
four-electron atoms and molecules we find that the 1-
RDM of the ground-state wave function is not pinned to
FIG. 1. (Color online) The sets of (a) ensemble and (b)
pure N-representable 1-RDMs are shown for a general three-
electron (N = 3) and six-orbital (r = 6) quantum system.
The plane defined by the Borland-Dennis equalities in Eq. (6)
causes the pure N-representable set of 1-RDMs in (b) to be
significantly smaller than the ensemble N-representable set
of 1-RDMs in (a). The sets are shown in terms of the first
three natural occupation numbers, λ1, λ2, and λ3, ordered
from highest to lowest, relative to a fixed set of natural or-
bitals. These three occupation numbers provide a complete
three-dimensional description of the pure 1-RDM spectra be-
cause the other occupation numbers are determined from the
Borland-Dennis equalities in Eq. (5); they provide a partial
description of the full five-dimensional ensemble 1-RDM spec-
tra.
the boundary of the generalized Pauli conditions derived
by Klyachko [9]. However, because these four electron
atoms molecules obey time-reversal symmetry, we should
in fact consider the generalized Pauli conditions derived
3by Smith [7] that explicitly account for this additional
symmetry. With time-reversal symmetry included the
ground-state 1-RDM of four-electron systems is found in
all cases to be pinned to the boundary of the general-
ized Pauli conditions. In contrast to the ground states,
some of the 1-RDMs from excited states of a given spin
symmetry are found to be significantly inside the set of
pure N -representable 1-RDMs. In section IIA for both
ground and excited states we theoretically motivate these
computational findings through an analysis of the pure
N -representable set of 2-RDMs, the set of 2-RDMs that
correspond to at least one N -fermion wave function.
II. PINNING OF 1-RDM SPECTRA
In section IIA we discuss a necessary 2-RDM condi-
tion for pinning of the 1-RDM to the boundary of pure
N -representable 1-RDMs. The condition is valid for a
one-electron basis set in the case of a finite rank r as well
as in the limit that the rank r approaches infinity. In sec-
tion II B we compute the minimum Euclidean distances
to the boundaries of the sets of N -representable 1-RDMs
that are pure and ensemble, respectively. These Eu-
clidean distances are useful for both measuring and clas-
sifying electron correlation and entanglement. Finally, in
section II C we discuss the pure N -representable 1-RDM
set for even-N quantum systems with time-reversal sym-
metry.
A. Necessary 2-RDM condition
The ground-state energy of an N -electron system can
be expressed as a functional of the 2-RDM
E =
N(N − 1)
2
Tr(2K 2D) (8)
where 2D is the 2-RDM
2D(1, 2; 1¯, 2¯) =
∫
ND(1, 2, .., N ; 1¯, 2¯, .., N)d3..dN (9)
and 2K is the two-electron reduced Hamiltonian
2K(1, 2; 1¯, 2¯) =
1
N − 1
2∑
i=1
(−
1
2
∇ˆ2i −
∑
k
Zk
rik
) +
1
r12
.
(10)
Minimization of the energy over the convex set E2N of en-
semble N -representable 2-RDMs yields the ground-state
energy E0 of the N -electron quantum system [6, 34, 35]
E0 = min
2D∈E2
N
E(2D). (11)
Because the energy is a linear functional of the 2-RDM,
the optimal 2-RDM for a non-degenerate ground state
lies on the boundary of the convex set E2N .
A 2-RDM that is ensemble N -representable must be
derivable from the integration of at least one N -electron
density matrix. The 2-RDM that is pure N -representable
must also be derivable from the integration of at least one
pure N -electron density matrix. From these definitions it
follows that the set P 2N of pure N -representable 2-RDMs
is contained in the set E2N of ensemble N -representable
2-RDMs, that is P 2N ⊂ E
2
N . By the energy minimization
discussed above, the 2-RDM of a non-degenerate ground
state lies on the boundary of the ensemble set E2N . Be-
cause the 2-RDM of a non-degenerate ground state is
pure N -representable and P 2N ⊂ E
2
N , it also lies on the
boundary of the pure set P 2N . In contrast, an excited-
state 2-RDM generally lies inside the ensemble set E2N of
2-RDMs.
Because a 1-RDM arises from the integration of a
ground-state 2-RDM over the coordinates for electron
two, the ground-state 1-RDM can lie in the boundary
of its pure N -representable set P 1N only if it derives
from a 2-RDM that lies on the boundary of its pure
N -representable set P 2N . Hence, the 2-RDM contains a
necessary condition for the pinning of the 1-RDM spec-
tra to the generalized Pauli conditions. This result also
provides important information about the potential dif-
ference in pinning of the ground-state and excited-state
1-RDM spectra. Because the ground-state 2-RDM lies
on the boundary of the ensemble N -representable 2-
RDM set E2N and hence, on the boundary of the pure
N -representable 2-RDM set P 2N , it is possible for the
ground-state 1-RDM to lie on the boundary of the pure
N -representable 1-RDM set P 1N . In contrast, because
an excited-state 2-RDM does not necessarily lie on the
boundary of E2N or P
2
N , it is possible for the excited-state
1-RDM (of a given spin symmetry) to lie in the interior
(not on the boundary) of the set P 1N .
B. Euclidean distances
In this section we develop optimization programs for
computing the minimum Euclidean distance from a given
1-RDM’s the r-dimensional spectrum of natural occupa-
tion numbers ~n = {λi} to three other points in the Eu-
clidean space of spectra: (i) the nearest point ~p on the
boundary of the set of pure N -representable 1-RDMs,
(ii) nearest point ~e on the boundary of the set of ensem-
ble N -representable 1-RDMs, and (iii) the nearest point
~s corresponding to a 1-RDM with a Slater determinant
pre-image. These three distances are useful in assessing
a quantum system’s electron correlation as well as its
purity. A quantum system is pure if and only if it is de-
scribed by a single wave function rather than an ensemble
of wave functions.
Firstly, we can compute the minimum distance of the
spectrum ~n to the boundary of pure N -representability
1-RDMs or in other words the minimum distance of ~n
to the polytope facets defined by the generalized Pauli
conditions M~p ≥ b, the Pauli conditions 0 ≤ pi ≤ 1,
4the trace condition
∑
i pi = N , and a condition ordering
the occupation numbers from highest to lowest in magni-
tude pi+1 ≤ pi where ~p is any point in the d-dimensional
Euclidean space Rr:
min
j
min
~p∈Rr
||~n− ~p|| (12)
such that
∑
i
pi = N (13)
pi+1 ≤ pi for all i ∈ [1, r − 1] (14)
0 ≤ pi ≤ 1 for all i ∈ [1, r] (15)
M~p ≥ b (16)∑
i
M
j
i pi = bj (17)
The boundary of the convex polytope defined by the
affine inequalitiesM~p ≥ b is the union of the hyperplanes
defined by the saturated inequalities intersected with the
domain under consideration. A point lies on the bound-
ary when at least one of the constraints M~p ≥ b is sat-
urated. If we name the saturated constraint j, then the
constraints in Eqs. (12-17) express that ~p belongs to the
facet j of the convex polytope. The algorithm works by
(i) minimizing the Euclidean distance to each facet j and
(ii) minimizing over the results from (i). For N = 3 the
constraints M~p ≥ b represent the Borland-Dennis con-
straints, and for N = 4 the constraints represent either
the Klyachko or Smith constraints. We shall refer to the
set of pure N -representable 1-RDMs as the pure set and
the minimum Euclidean distance to the boundary of the
pure set as the pure distance.
Secondly, we can compute the minimum Euclidean
distance to the boundary of the set of ensemble N -
representable 1-RDMs, defined by the Pauli principle and
the trace condition, as follows:
min
j
min
b∈{0,1}
min
~e∈Rr
||~n− ~e|| (18)
such that
∑
i
ei = N (19)
ei+1 ≤ ei for all i ∈ [1, r − 1](20)
0 ≤ ei ≤ 1 for all i ∈ [1, r] (21)
ej = b (22)
where ~e = {ei} is any point in the ensemble set. The
saturation of the constraints corresponds to an element
with one occupation number being either 0 or 1. We shall
refer to the minimum Euclidean distance to the boundary
of the ensemble set as the ensemble distance. The pure
distance is less than or equal to the ensemble distance
because P 1N ⊂ E
1
N .
Finally, the natural occupation numbers of a non-
interacting 1-RDM, the 1-RDM that derives from a Slater
determinant, are either fully occupied or empty. These
eigenvalues defined the components of a Slater point ~s in
Euclidean space
~s = (1, 1, · · · , 0, 0). (23)
The minimum Euclidean distance from a given 1-RDM’s
spectrum ~n to the nearest Slater point can be computed
from the following minimization:
min
~s∈Sr
||~n− ~s|| (24)
where Sr denotes the set of all Slater points. The non-
convex set of Slater points is a subset of the points on
the boundary of the ensemble N -representable set E1N .
Hence, the minimum distance to the boundary of the
ensemble set (ensemble distance) is strictly less than or
equal to the minimum distance to the nearest Slater
point. The Euclidean distance ||~n − ~s|| of the spectrum
from the nearest Slater point, which we call the Slater
distance, gives a useful measure of electron entanglement
and correlation that equals zero in the absence of corre-
lation.
C. Time-reversal symmetry
Smith proved two key results in the study of the pure
N -representability conditions of the 1-RDM [7]. Firstly,
for an even-N quantum state, if all of the eigenvalues
of the state’s 1-RDM are evenly degenerate, then the
1-RDM is pure N -representable. Secondly, if an even-
N quantum state has time-reversal symmetry, then all
of the eigenvalues of the state’s 1-RDM are evenly de-
generate. Hence, if an even-N quantum state has time-
reversal symmetry, the degeneracy of the eigenvalues of
the 1-RDM is necessary and sufficient for the 1-RDM to
be pure N -representable.
Smith’s set of pure N -representable 1-RDMs with
time-reversal symmetry S1N is a subset of the pure N -
representable set of 1-RDMs P 1N , that is S
1
N ⊂ P
1
N .
Importantly, any 1-RDM from a pure state with time-
reversal symmetry is pinned to the boundary of the Smith
set S1N . For example, for N = 4 and r = 8 the Smith set
is characterized by the four equalities between natural
occupation numbers
λ1 = λ2 (25)
λ3 = λ4 (26)
λ5 = λ6 (27)
λ7 = λ8. (28)
Each equality can be viewed as two inequalities; for ex-
ample, the first equality can be expressed as the following
two inequalities
λ1 ≤ λ2 (29)
λ2 ≤ λ1. (30)
Because these inequalities are always saturated, any 1-
RDM in the Smith set is pinned to the boundary of the
Smith set. More generally, this result is true for any even
N and r.
For N = 4 and r = 8 the generalized Pauli inequali-
ties on the natural occupation numbers of the 1-RDM,
5TABLE I. For N = 4 and r = 8 the generalized Pauli inequal-
ities on the natural occupation numbers of the 1-RDM, shown
in Eqs. 31 and 32, have seven sets of coefficients M ji displayed
below where j labels the set and i labels the coefficient within
a set.
Coefficients in Eqs. (31) and (32)
j M j
1
M
j
2
M
j
3
M
j
4
M
j
5
M
j
6
M
j
7
M
j
8
1 5 -3 1 1 1 1 -3 -3
2 5 1 -3 1 1 -3 1 -3
3 5 1 1 -3 1 -3 -3 1
4 5 1 1 -3 -3 1 1 -3
5 1 5 1 -3 1 -3 1 -3
6 1 1 5 -3 1 1 -3 -3
7 1 1 1 1 5 -3 -3 -3
determined computationally by Borland and Dennis [8]
and derived by Klyachko [9], are
4−
8∑
i=1
M
j
i λi ≥ 0 (31)
4 +
8∑
i=1
M
j
9−iλi ≥ 0. (32)
Seven sets of coefficients M ji are given in Table I for a
total of 14 inequalities. When time-reversal symmetry
is imposed on the 1-RDM by forcing its eigenvalues to
be evenly degenerate, these generalized Pauli inequali-
ties reduce to the traditional Pauli exclusion principle.
Consequently, a 1-RDM with time-reversal symmetry is
pinned to the Klyachko inequalities if and only if it is
pinned to the traditional Pauli conditions, meaning the
boundary of the ensemble N -representable 1-RDM set.
The 1-RDM with time-reversal symmetry has a spectrum
that is typically not pinned to the convex Klyachko set
P 1N because P
1
N contains additional 1-RDMs than the
convex Smith set S1N that break time-reversal symmetry.
III. APPLICATIONS
We evaluate the deviation of the 1-RDM spectrum in
atoms and molecules from the boundary of the ensem-
ble N -representable 1-RDM set and boundaries of the
pure N -representable 1-RDM sets both with and with-
out time-reversal symmetry.
A. Computational Details
For each atom or molecule the 1-RDM’s spectrum of
occupation numbers was obtained by computing the wave
function from a full configuration interaction (FCI) cal-
culation in arbitrary-precision floating-point arithmetic.
For comparison the 1-RDMs of several four-electron
molecules were also computed without the wave function
from the variational 2-RDMmethod [16–31] with approx-
imate ensemble N -representability conditions on the 2-
RDM [32–36]. The pure, ensemble and Slater distances
were calculated in arbitrary-precision arithmetic by the
constrained optimizations described in section II B. The
FCI calculations computed all of the Hamiltonians eigen-
values through a QR method [37]. The distance cal-
culations were performed with the sequential quadratic
programming algorithm available in Maple [15]. Calcu-
lations with 50 decimals of floating-point precision em-
ployed an optimality tolerance of 10−36. The initial
guess was selected randomly. All molecules were treated
in the Slater-type-orbital (STO-3G) basis set in which
each Slater function is expanded in three Gaussian func-
tions [38]. The number r of orbitals is always set to be
twice the numberN of electrons. To achieve eitherN = 3
and N = 4 with 2N orbitals, we froze core and virtual
orbitals in atoms and molecules, as needed. Electron in-
tegrals from the GAMESS package [39] were employed.
Molecular equilibrium geometries were obtained from the
Computational Chemistry Comparison and Benchmark
Database [40].
B. Lithium
For the three-electron lithium atom the Euclidean dis-
tances of the 1-RDM’s spectrum to the pure and ensem-
ble boundaries and the nearest Slater point were com-
puted. Previous calculations on the lithium atom were
inconclusive about whether the 1-RDM’s spectrum was
pinned or only nearly pinned (quasi-pinned) to one of the
generalized Pauli constraints [11]. To resolve the issue,
we performed both the FCI and the Euclidean-distance
calculations with high-precision floating-point arithmetic
with as many as 35 digits of precision. Table II shows the
pure and Slater distances as functions of the floating-
point precision. While the Slater distance remains con-
stant at 8.53 x 10−5 as the precision is increased, the
logarithm of the pure distance decreases linearly with the
precision (also refer to Fig. 2). These results demonstrate
within the limit of numerical precision that the ground-
state 1-RDM spectrum for the lithium atom is pinned to
the boundary of the pure set.
Table III shows the Euclidean distances of ground- and
excited-state 1-RDM spectra of the lithium atom from
the pure and ensemble boundaries and from the Slater
point. Calculations of the 1-RDMs and the Euclidean
distances were performed with a numerical precision of
thirty decimals. While the spectra of the ground states of
a given spin symmetry were always found to be pinned
to the boundary of the pure set, the spectra of the ex-
cited states were not necessarily pinned. For example, the
spectrum of excited state 3 lies well within the boundary
of the pure set. The difference in pinning between the
ground and excited states was foreshadowed by the dis-
cussion in section IIA of the necessary 2-RDM condition
6TABLE II. For the ground state of lithium the pure and Slater
distances of the 1-RDM spectrum of natural occupation num-
bers are shown as functions of the floating-point precision.
While the Slater distance remains constant at 8.53× 10−5 as
the floating-point precision is increased, the logarithm of the
pure distance decreases linearly with the precision. These re-
sults demonstrate that the ground-state 1-RDM spectrum of
lithium is pinned to the boundary of the pure set.
Precision Pure Slater
5 10−5 8.00×10−5
10 10−10 8.53×10−5
15 10−15 8.53×10−5
20 10−20 8.53×10−5
25 10−25 8.53×10−5
30 10−30 8.53×10−5
35 10−35 8.53×10−5
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FIG. 2. (Color online) For the ground state of the lithium
atom the logarithm of the pure distance decreases linearly
with the precision of the floating-point calculations. The
plot demonstrates that the ground-state 1-RDM spectrum of
lithium is pinned to a facet to at least 35 digits of floating-
point precision.
for pinning. A 1-RDM spectrum can be pinned to a facet
of the generalized Pauli condition only if the 2-RDM is
pinned to the boundary of the pure N -representable 2-
RDM set. While a ground-state 2-RDM is always on the
boundaries of the ensemble and the pure N -representable
sets of 2-RDMs, an excited-state 2-RDM is not neces-
sarily on the boundary of either the ensemble or pure
sets. Hence, the spectrum of an excited-state 1-RDM is
not necessarily on the boundary of the pure set of N -
representable 1-RDMs.
TABLE III. For the ground and excited states of the lithium
atom, Euclidean distances of the 1-RDM spectra from the
pure and ensemble boundaries and from the Slater point are
shown. While the spectra of the ground states of a given spin
symmetry were always found to be pinned to the boundary of
the pure set, the spectra of the excited states were not nec-
essarily pinned. For example, the spectrum of excited state
3 lies well within the boundary of the pure set. Calculations
of the 1-RDMs and the Euclidean distances were performed
with a numerical precision of thirty decimals.
Euclidean distance
State Sz Energy (a.u) Pure Ensemble Slater
0 0.5 -7.316 1.00×10−30 1.00×10−30 8.53×10−5
1 -7.230 1.00×10−30 4.10×10−5 1.41×10−4
2 -5.264 1.00×10−30 1.00×10−30 1.75×10−1
3 -5.244 2.72×10−1 3.65×10−1 8.16×10−1
4 1.5 -5.244 1.00×10−30 1.00×10−30 1.00×10−30
C. Strongly correlated systems
The neutral triatomic hydrogen molecule is strongly
correlated due to multi-reference effects that arise due
to degeneracy in electronic configurations [41, 42]. The
spectrum of the ground-state 1-RDM, we find, is on the
boundary of the pure set for all molecular geometries.
This constitutes the first numerical evidence of pinning
of the 1-RDM spectra in a strongly correlated molecule.
Table IV gives a summary of the results for linear and
triangular geometries of H3. The spectra of the excited-
state 1-RDMs are not necessarily on the boundary of the
pure set, as demonstrated for both molecular geometries
by state 2. As functions of the bond angle in ground-
state H3, (a) the Hartree-Fock and correlation energies
as well as (b) the minimum Euclidean distances to the
boundaries of the pure and ensemble sets and the nearest
Slater point are shown in Fig. 3. Both the ensemble and
Slater distances are greater than 0.01 for all bond angles
while the pure distance is zero for all angles. The large
distance to the nearest Slater point shows that H3 is sig-
nificantly correlated. The vanishing pure distance shows
that the generalized Pauli conditions can be saturated
even when the traditional Pauli conditions are far from
being saturated.
Euclidean distances of the 1-RDM spectra to the
boundaries of pure (Smith), pure (Klyachko), and ensem-
ble (Pauli) sets and the Slater point are shown in Table V
for the ground states of several four-electron molecules in
eight spin orbitals (∧4[H8]). Because the ground-state 1-
RDM spectra in all cases are pairwise degenerate, they
are pinned to the boundary of the Smith set. The Eu-
clidean distances of the 1-RDM spectra to the pure (Kly-
achko) and ensemble (Pauli) boundaries are found to be
the same in all cases. The pure (Klyachko) distances
are nonzero because the generalized Pauli conditions de-
scribing the boundary of the Klyachko polytope break
7TABLE IV. Euclidean distances to the pure and ensemble boundaries and the Slater point for linear and equilateral configura-
tions of neutral triatomic hydrogen H3. The spectrum of the ground-state 1-RDM, we find, is on the boundary of the pure set
for both molecular geometries. The spectra of the excited-state 1-RDMs are not necessarily on the boundary of the pure set, as
demonstrated for both molecular geometries by state 2. The distance to the nearest Slater point, which represents a completely
uncorrelated system, shows that the H3 is significantly correlated, especially in the vicinity of the equilateral geometry.
Occupation numbers Euclidean distance
Configuration State Sz Energy(a.u) λ1 λ2 λ3 Pure Ensemble Slater
Linear 0 0.5 -2.958 0.9902 0.9789 0.9691 1.0×10−30 1.1×10−2 5.5×10−2
1 -2.666 1.0000 0.6479 0.6479 1.0×10−30 1.0×10−30 7.0×10−1
2 -2.448 0.6667 0.6667 0.6667 2.7×10−1 3.7×10−1 8.2×10−1
3 -2.358 1.0000 0.6530 0.6530 1.0×10−30 1.0×10−30 6.9×10−1
4 1.5 -2.448 1.0000 1.0000 1.0000 1.0×10−30 1.0×10−30 1.0×10−30
Equilateral 0 0.5 -3.308 0.9929 0.9909 0.9838 1.0×10−30 7.7×10−3 2.8×10−2
1 -3.304 1.0000 0.9835 0.9835 1.0×10−30 1.0×10−30 3.3×10−2
2 -2.652 0.6667 0.6667 0.6667 2.7×10−1 3.7×10−1 8.2×10−1
3 -2.368 1.0000 0.5182 0.5182 1.0×10−30 1.0×10−30 9.6×10−1
4 1.5 -2.652 1.0000 1.0000 1.0000 1.0×10−30 1.0×10−30 1.0×10−30
TABLE V. Euclidean distances of the 1-RDM spectra to pure (Smith), pure (Klyachko), and ensemble (Pauli) sets and the
Slater point are shown for the ground states of several four-electron molecules. Because the ground-state 1-RDM spectra in
all cases are pairwise degenerate, they are pinned to the boundary of the Smith set. The Euclidean distances of the 1-RDM
spectra to the pure (Klyachko) and ensemble (Pauli) boundaries are the same in all cases. The pure (Klyachko) distances
are nonzero because the generalized Pauli conditions describing the boundary of the Klyachko polytope break time-reversal
symmetry. All molecules except H4 are treated in their equilibrium geometries from the Computational Chemistry Comparison
and Benchmark Database [40]. The H4 molecule is treated with the four hydrogen atoms in a square with sides of 1.058 A˚.
Molecule Occupation numbers Pure Ensemble Slater
λ1 = λ2 λ3 = λ4 λ5 = λ6 λ7 = λ8 Smith Klyachko
LiH 1.0000 0.9985 0.0013 0.0002 0.00000 0.00002 0.00002 0.00281
BH 0.9991 0.9260 0.0375 0.0375 0.00000 0.00098 0.00098 0.12876
BeH2 0.9957 0.9938 0.0068 0.0037 0.00000 0.00398 0.00398 0.01527
H4 0.9694 0.5000 0.5000 0.0306 0.00000 0.03270 0.03270 1.00187
time-reversal symmetry.
The rectangular H4 molecule, comprised of two H2
monomers, has well-documented multi-reference correla-
tions effects in the form of pronounced diradical char-
acter [43]. As functions of distance between H2 dimers,
Fig. 4 shows (a) the potential energy surfaces from FCI
and the variational 2-RDM method as well as (b) the
minimum Euclidean distances from the 1-RDM spectra
to the ensemble set and a Slater point from FCI and
the variational 2-RDM method. The peak in the Slater
distance at a dimer distance of 1 A˚ shows that the maxi-
mum electron correlation occurs when the two H2 dimers
form a square diradical H4 molecule. While the ensemble
distance is about 0.01 or larger for all dimer distances,
the 1-RDM spectra are pinned to Smith’s set of pure
N -representable 1-RDMs with time-reversal symmetry.
The figures also show that the FCI and variational 2-
RDM methods give similar results for both energies and
Euclidean distances.
IV. DISCUSSION AND CONCLUSIONS
Generalized Pauli conditions on the 1-RDM spectrum
are explored for the ground and excited states of atoms
and molecules. We employ Euclidean distance as a sys-
tematic means for measuring the distance between 1-
RDMs represented as vectors in a Euclidean space [14].
While previous work examined the residual of the gener-
alized Pauli conditions to assess their saturation [10, 11],
we compute the minimum Euclidean distances between
1-RDM spectra and facets of the polytope described by
the generalized Pauli conditions, also known as pure N -
representability conditions [6–11]. The Euclidean metric
allows us to compare the pure distance with other dis-
tances including the minimum distance of the 1-RDM to
the boundary of the ensemble N -representable set, which
we called the ensemble distance, set as well as the min-
imum distance of the 1-RDM to a Slater 1-RDM, which
we called the Slater distance. Euclidean distances have
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FIG. 3. (Color online) As functions of the bond angle in
H3, (a) the Hartree-Fock and correlation energies as well as
(b) the minimum Euclidean distances to the boundaries of
the pure and ensemble sets and the nearest Slater point are
shown. Both the ensemble and Slater distances in (b) are
greater than 0.01 for all bond angles while the pure distance
is zero for all angles. The large distance to the nearest Slater
point shows that H3 is significantly correlated. The vanishing
pure distance shows that the generalized Pauli conditions can
be saturated even when the traditional Pauli conditions are
far from being saturated.
the following order:
pure ≤ ensemble ≤ Slater. (33)
The Slater distance vanishes if and only if the 1-RDM
corresponds to a non-interacting Slater-determinant
wave function. Both the ensemble and pure distances can
vanish for correlated quantum systems. The ensemble
distance vanishes if and only if the 1-RDM spectrum is
pinned to one of the traditional Pauli conditions, and the
pure distance vanishes if and only if the 1-RDM spectrum
is pinned to one of the generalized Pauli conditions. Im-
portantly, as demonstrated in the examples, the 1-RDM
spectra can be on the boundary of the set of pure N -
representable 1-RDMs even if it is not on the boundary
of the set of ensemble N -representable 1-RDMs.
The Slater distance provides a measure of electron cor-
relation and entanglement because it vanishes in the ab-
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FIG. 4. (Color online) As functions of the distance between
H2 dimers, the figure shows (a) the potential energy surfaces
from FCI and the variational 2-RDMmethod as well as (b) the
minimum Euclidean distances from the 1-RDM spectra to the
ensemble set and a Slater point from FCI and the variational
2-RDM method. The peak in the Slater distance at a dimer
distance of 1 A˚ shows that the maximum electron correlation
occurs when the two H2 dimers form a square H4 molecule.
While the ensemble distance is about 0.01 or larger for all
dimer distances, the 1-RDM spectra are pinned to Smith’s
set of pure N-representable 1-RDMs with time-reversal sym-
metry. The figures also show that the FCI and variational
2-RDM methods give similar results for both energies and
Euclidean distances.
sence of electron correlation [44–46]. The pure and en-
semble distances, which can vanish in the presence of
electron correlation, provide an additional classification
of electron correlation and entanglement. In general,
the quantum system becomes more correlated the fur-
ther the 1-RDM is located from nearest Slater point and
the boundaries of its pure and ensemble sets. Proximity
of the 1-RDM spectrum to a facet of the pure or en-
semble N -representable 1-RDM set provides important
specific information about the nature and character of
the electron correlation and entanglement present in the
quantum system.
The ensemble and pure N -representable sets of 2-
RDMs, we show, provide a necessary condition for the
9pinning of the 1-RDM to the boundary of the pure N -
representable 1-RDM set. Because the 1-RDM is deriv-
able from the 2-RDM through integration over one of the
electrons, the 1-RDM can be on the boundary of its pure
N -representable set only if the 2-RDM lies of the bound-
ary of its pure set. This necessary 2-RDM condition pro-
vides insight into the difference in the 1-RDM between
ground and excited states. Computationally, we find that
the 1-RDM spectra from ground states are consistently
pinned to the boundary of the pure N -representable set
while the 1-RDM spectra from excited states are not
necessarily pinned to the boundary. The ground-state
2-RDMs satisfy the necessary condition for the pinning
of the 1-RDM to its pure boundary. In contrast, the
excited-state 2-RDMs do not necessarily satisfy this con-
dition, and in fact, they often lie significantly within the
set of ensemble N -representable 2-RDMs.
The difference in the 1-RDM spectrum between ground
and excited states is significant because it reflects a fun-
damental difference in the nature of electron correlation
between ground and excited states. Unlike the ground
state 1-RDM spectrum, which we find pinned to par-
ticular facet of the generalized Pauli conditions, the ex-
cited state 1-RDM spectrum can be buried deeper in the
polytope, which is associated with greater electron cor-
relation. Consequently, the geometric difference between
ground and excited state 1-RDM spectra may provide a
novel explanation, complementary to wave function ar-
guments, for the propensity of excited states to be more
correlated than the ground state.
In the 1960s Smith demonstrated that any 1-RDM
with time-reversal symmetry and an even number N of
electrons is pure N -representable [7]. He showed that,
if N is even, time-reversal symmetry causes all of the
eigenvalues of a 1-RDM to be evenly degenerate. This
degeneracy of the 1-RDM spectra can occur if and only
if the 1-RDM is pure N -representable. Here we show
that for N = 4 time-reversal symmetry must be consid-
ered to observe pinning of the 1-RDM spectrum from a
ground state of an atom or molecule to the boundary of
the pure N -representable 1-RDM set. For N = 4 the
1-RDM spectrum is not pinned to a facet of the poly-
tope defined by the conditions of Klyachko, which do not
consider time-reversal symmetry; in fact, for a 1-RDM
with even N and time-reversal symmetry, the conditions
of Klyachko reduce to the traditional Pauli conditions.
In contrast, all of the 1-RDMs in the Smith set, which
obey time-reversal symmetry, are pinned to its boundary.
The presence of symmetry in the quantum state is impor-
tant in the definition of a system-appropriate set of pure
N -representable 1-RDMs. Symmetry restricts the set of
1-RDMs to be physically realistic for the set of quan-
tum systems under consideration, and in many cases it
is an active constraint in that a state’s 1-RDM saturates
the symmetry constraint. In the case of time-reversal
symmetry, the symmetry provides sufficiently tight re-
strictions on the 1-RDM spectrum to guarantee its pure
N -representability, and thereby highlights an interesting
interplay between symmetry and N -representability.
In addition to providing a useful measure and clas-
sification of electron correlation and entanglement, the
generalized Pauli conditions also offer insights into the
improvement of electronic structure methods based on
wave functions as well as 1- and 2-RDMs. The theorem
of Hohenberg-Kohn [47] at the heart of density functional
theory [48] intimates that the 1-RDM contains key ele-
ments of an atom or molecule’s electronic structure in-
cluding possible signatures for strong electron correla-
tion. The generalized Pauli conditions further demon-
strate that key features of electron correlation and entan-
glement are encoded within the 1-RDM. The definition
of the set of pure N -representable 1-RDMs by the gener-
alized Pauli conditions may provide new insights into the
development of practical 1-RDM-based electronic struc-
ture methods [49, 50]. The generalized Pauli conditions
may also be useful in some cases as further restrictions
on the N -representability of the 2-RDM [32–36] in vari-
ational calculations based on the 2-RDM [16–31] rather
than the wave function. Although the generalized Pauli
conditions are already implied for even N by the time-
reversal symmetry of the 2-RDM, these conditions may
be useful for odd N or states without time-reversal sym-
metry. As suggested by other authors [10, 11], the gener-
alized Pauli conditions may also provide insight into the
structure of the wave function. Pinning of the 1-RDM
to the generalized Pauli conditions provides potentially
useful information about the Slater determinants that
contribute most significantly to the wave function.
In summary, the generalized Pauli conditions, also
known as pure N -representability conditions, provide ad-
ditional constraints beyond the Pauli exclusion principle
to ensure that a 1-RDM is derivable from a pure density
matrix with a single wave function spectrum. Using the
Euclidean-distance metric, we have explored these condi-
tions for the lithium atom and a variety of molecules at
equilibrium and nonequilibrium geometries. Even with
the presence of strong correlation, we find the ground
state 1-RDM spectra remain pinned to the boundary of
the pure N -representable set of 1-RDMs. For excited
states the 1-RDM spectra are not necessarily pinned, and
we explain the important difference between ground and
excited states through a necessary condition on the 2-
RDM for pinning. The generalized Pauli conditions are
useful in the measurement and classification of electron
correlation and entanglement. More generally, these con-
ditions provide fundamental insight into the structure of
many-electron quantum systems, which may be useful
for both the classification and the computation of strong
electron correlation.
ACKNOWLEDGMENTS
DAM gratefully acknowledges the NSF, ARO, and Mi-
crosoft Corporation for their generous support.
10
[1] W. Pauli, Z. Phys. A Hadrons and Nuclei 31, 765 (1925).
[2] E. C. Stoner, Philos. Mag. 6 48, 719 (1924).
[3] P. A. M. Dirac, Proc. R Soc. of Lond. A 112, 661 (1926).
[4] W. Heisenberg, Z. Phys. A Hadrons and Nuclei 38, 411 (1926).
[5] J. von Neumann, Mathematical Foundations of Quantum
Mechanics (Princeton University Press, Princeton, 1955).
[6] A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963).
[7] D. W. Smith, Phys. Rev. 147, 896 (1966).
[8] R. E. Borland and K. Dennis, J. Phys. B 5, 7 (1972).
[9] A. Klyachko, J. Phys. Conf. Ser. 36, 72 (2006).
[10] C. Schilling, D. Gross, and M. Christandl,
Phys. Rev. Lett. 110, 040404 (2013).
[11] C. L. Benavides-Riveros, J. M. Gracia-Bond´ıa, and
M. Springborg, Phys. Rev. A 88, 022508 (2013).
[12] M. Altunbulak and A. Klyachko, Commun. Math. Phys.
282, 287 (2008).
[13] R. T. Rockafellar, Convex Analysis (Princeton University
Press, Princeton, 1970).
[14] J. E. Harriman, Phys. Rev. A 17, 1249 (1978).
[15] Maple 17 (Maplesoft, Waterloo, 2013).
[16] R. M. Erdahl and B. Y. Jin, in Many-Electron Densities
and Reduced Density Matrices, edited by J. Cioslowski
(Kluwer, Boston, 2000) pp. 57–84.
[17] M. Nakata, H. Nakatsuji, M. Ehara, M. Fukuda,
K. Nakata, and K. Fujisawa, J. Chem. Phys. 114, 8282
(2001).
[18] D. A. Mazziotti, Phys. Rev. A 65, 062511 (2002).
[19] Z. Zhao, B. J. Braams, M. Fukuda, M. L. Overton, and
J. K. Percus, J. Chem. Phys. 120, 2095 (2004).
[20] D. A. Mazziotti, Phys. Rev. Lett. 93, 213001 (2004);
Phys. Rev. A 74, 032501 (2006).
[21] E. Cances, G. Stoltz, and M. Lewin, J. Chem. Phys.
125, 064101 (2006).
[22] G. Gidofalvi and D. A. Mazziotti, Phys. Rev. A 74,
012501 (2006).
[23] J. R. Hammond and D. A. Mazziotti, Phys. Rev. A 73,
062505 (2006).
[24] A. E. Rothman and D. A. Mazziotti, Phys. Rev. A 78,
032510 (2008).
[25] M. Nakata, B. J. Braams, K. Fujisawa, M. Fukuda, J. K.
Percus, M. Yamashita, and Z. Zhao, J. Chem. Phys.
128, 164113 (2008).
[26] B. Verstichel, H. van Aggelen, D. Van Neck, P. W. Ayers,
and P. Bultinck, Phys. Rev. A 80, 032508 (2009).
[27] N. Shenvi and A. F. Izmaylov, Phys. Rev. Lett. 105,
213003 (2010).
[28] L. Greenman and D. A. Mazziotti, J. Chem. Phys. 133
(2010).
[29] K. Pelzer, L. Greenman, G. Gidofalvi, and D. A. Mazz-
iotti, J. Phys. Chem. A 115, 5632 (2011).
[30] D. A. Mazziotti, Phys. Rev. Lett. 106, 083001 (2011).
[31] B. Verstichel, H. van Aggelen, W. Poelmans, and D. V.
Neck, Phys. Rev. Lett. 108, 213001 (2012).
[32] C. Garrod and J. K. Percus, J. Math. Phys. 5, 1756
(1964).
[33] R. M. Erdahl, Int. J. Quantum Chem. 13, 697 (1978).
[34] A. J. Coleman and V. I. Yukalov, Reduced Density Ma-
trices: Coulson’s Challenge (Springer-Verlag, New York,
2000).
[35] D. A. Mazziotti, ed., Reduced-Density-Matrix Mechan-
ics: With Application to Many-Electron Atoms and
Molecules, Adv. Chem. Phys., Vol. 134 (Wiley, New York,
2007).
[36] D. A. Mazziotti, Phys. Rev. Lett. 108, 263002 (2012).
[37] G. H. Golub and C. F. V. Loan, Matrix Computations
(Johns Hopkins University Press, Baltimore, 1996).
[38] W. J. Hehre, R. F. Stewart, and J. A. Pople, J Chem.
Phys. 51 (1969).
[39] M. W. Schmidt, K. K. Baldridge, J. A. Boatz, S. T.
Elbert, M. S. Gordon, J. H. Jensen, S. Koseki,
N. Matsunaga, K. A. Nguyen, S. Su, T. L.
Windus, M. Dupuis, and J. A. Montgomery,
J. Comput. Chem. 14, 1347 (1993).
[40] R. D. Johnson, Computational Chemistry Comparison and Benchmark Database ,
Tech. Rep. (NIST, 2013).
[41] H. Kragh, Centaurus 53, 257 (2011).
[42] C. Jungen, M. Jungen, and S. T. Pratt, Phil. Trans. R.
Soc. A 370, 5074 (2012).
[43] A. M. Sand and D. A. Mazziotti,
Comp. Theor. Chem. 1003, 44 (2013).
[44] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[45] Z. Huang and S. Kais, Chem. Phys. Lett. 413, 1 (2005).
[46] J. T. Skolnik and D. A. Mazziotti,
Phys. Rev. A 88, 032517 (2013).
[47] P. Hohenberg and W. Kohn,
Phys. Rev. 136, B864 (1964).
[48] R. G. Parr and W. Yang, Density Functional Theory
of Atoms and Molecules (Oxford University Press, New
York, 1994).
[49] M. Piris, J. M. Matxain, X. Lopez, and J. M. Ugalde, J.
Chem. Phys. 132, 031103 (2010).
[50] S. Sharma, J. K. Dewhurst, S. Shallcross, and E. K. U.
Gross, Phys. Rev. Lett. 110, 116403 (2013).
